We prove that every n-connected graph G of sufficiently large order contains a connected graph H on four vertices such that G À V ðH Þ is ðn À 3Þ-connected. This had been conjectured in Mader (High connectivity keeping sets in n-connected graphs, Combinatorica, to appear). Furthermore, we prove upper bounds for the order of all n-connected graphs of criticality 3, 4, and 5. # 2002 Elsevier Science (USA)
INTRODUCTION
It was proved in [6] that every n-connected finite graph G of sufficiently large order contains a vertex set S of prescribed cardinality such that G À S is ðn À 2Þ-connected. So the question arose, if this remains true, if we require the additional property that ''S is connected'', i.e. that S spans a connected subgraph in G: In [6] , for every integer n518; infinitely many finite, nconnected graphs G and also infinite, n-connected graphs G were constructed, having the property that deleting any connected set of at least 3 vertices, the connectivity number decreases by at least 3. So the abovementioned result does not remain true, if we add the condition ''Sconnected'', but a slightly modified result could hold. For the exact statement of this, let jGj :¼ jV ðGÞj and let kðGÞ denote the (vertex-) connectivity number of G: Conjecture 1.0. For all positive integers n and k; there is a least nonnegative integer hðn; kÞ such that every n-connected graph G with jGj > hðn; kÞ contains a connected set S V ðGÞ with jSj ¼ k such that kðG À SÞ5n À 3 holds.
Obviously, hð3; kÞ ¼ k for k54 and hð3; kÞ ¼ 0 for k43: The first nontrivial case of this conjecture, i.e. the existence of hðn; 4Þ; is proved in this 296 0095-8956/02 $35.00
paper. Whereas the above-mentioned examples show that at least for n518; n À 3 would be best possible, stronger results might be true for small n: So it was conjectured in [7] that for every positive integer k, every 3-connected graph of sufficiently finite order contains a connected S with jSj ¼ k such that G À S is 2-connected. So far, this conjecture is verified only for k44 (see [7, 3] ).
Before we can state our results exactly, we need some concepts and notation. The graphs considered here are undirected and do not have multiple edges or loops. They may be finite or infinite, but the connectivity number kðGÞ is always finite. For the complete graph K m ; we set kðK m Þ ¼ m À 1 for every non-negative integer m, and for non-complete graphs G; we have kðGÞ ¼ minfjT j : T V ðGÞ such that G À T is disconnectedg: These separating sets T with jT j ¼ kðGÞ are called smallest separating sets of G, and the set of all smallest separating sets of G is denoted by TðGÞ: Let CðGÞ be the set of all components of G: For T 2 TðGÞ; the union of at least one, but not all C 2 CðG À T Þ is called a T -fragment of G, or simply a fragment of G: If F is a T -fragment, then also % F F :¼ G À ðV ðF Þ [ T Þ is one. Of course, a graph has a fragment, iff it is not complete. If the graph G has a finite fragment, then a fragment of least vertex number is called an atom of G. A If we require W 0 to be connected in the definition of an ðn; kÞ-graph, we come to a concept which is of particular interest in our context. A graph G is called k-con-critically n-connected, ðn; kÞ c -critical or ðn; kÞ c -graph for positive integers n and k; if kðG À W Þ ¼ n À jW j for every connected W in G with jW j4k: We have again kðGÞ ¼ n for an ðn; kÞ c -graph G; K nþ1 is ðn; kÞ ccritical for every k; and k4n holds for every non-complete ðn; kÞ c -graph. Obviously, every ðn; kÞ-graph is ðn; kÞ c -critical and every ðn; 1Þ c -graph is ðn; 1Þ-critical. Every ðn; kÞ c -graph is ðn; k 0 Þ c -critical for all 14k 0 4k: If we will not specify the connectivity number of an ðn; kÞ-critical graph or an ðn; kÞ ccritical graph, we speak of a k-critical graph or a k-con-critical graph, respectively.
Whereas in [4] it was proved that every ðn; 3Þ-graph is finite and that for every n; there is only a finite number of ðn; 3Þ-graphs, for every n518; infinite ðn; 3Þ c -graphs and an infinite number of (non-isomorphic) finite ðn; 3Þ c -graphs have been constructed in [6] . On the other side, it was shown in [6] that every ðn; 7Þ c -graph is finite and that for every n; there is only a finite number of ðn; 7Þ c -graphs, but it remained open what happens for k ¼ 4; 5; 6: The closing of this gap is the main result of this paper. Theorem 1.1. For every n54; gðnÞ :¼ maxfDðGÞ : G ðn; 4Þ c -critical graphg exists and is finite, and jGj42ðn À 3ÞðgðnÞ À 1Þ þ n holds for every ðn; 4Þ c -critical graph G:
In particular, Theorem 1.1 says that hðn; 4Þ exists for all n and hðn; 4Þ4 2ðn À 3ÞðgðnÞ À 1Þ þ n for n54: (Obviously, hð3; 4Þ ¼ 4 and hðn; 4Þ ¼ 3 for n ¼ 1; 2:Þ The next result generalizes and improves a result in [4] . Theorem 1.2. For every W À ðn; 3Þ-critical graph with n52; jW j4 ð2n À 1Þn holds.
It has been proved in [4] that jGj56n 2 holds for every ðn; 3Þ-graph G; and the factor 6 was decreased to 4 in [2] . We get a slight improvement from Theorem 1.2 for W ¼ V ðGÞ:
The following upper bound for the order of an ðn; 4Þ c -graph follows easily from Theorems 1. After some preliminary results in Section 2, we will prove Theorem 1.1 in Section 3. Modifying the proof of Theorem 1.1, we will prove Theorems 1.2-1.5 in Section 4. Section 5 gives examples of k-con-critical, but not kcritical graphs for every k52:
We add some further notations. A path P : x 0 ; x 1 ; . . . ; x n is called an x 0 ; x npath and the vertices x 2 P with d P ðxÞ ¼ 2; i.e. x 1 ; . . . ; x nÀ1 ; are the interior vertices of P : Two x; y-paths P 1 and P 2 are openly disjoint, if P 1 =P 2 and P 1 and P 2 have no interior vertex in common. For vertices x=y in G; the maximal number of pairwise openly disjoint x; y-paths exists and is denoted by kðx; y; GÞ: It is well known that kðGÞ ¼ min x=y kðx; y; GÞ holds for all graphs G with jGj52 (see, for instance, [1, Chap. 3] ). For x 2 G and X V ðG À xÞ; an x; X -fan of order n consists of x; x i -paths P i for i 2 N n with 
PRELIMINARY RESULTS
In this section, we put together results which we need from previous papers, adapting them sometimes from ðn; kÞ-critical graphs to W À ðn; kÞ-critical ones. But also a few new results can be found. Lemma 2.1 (Cf. Mader [6, (1.1)] ). Let G be a graph of connectivity number n. hold.
We need also a further development of Lemma 2.1(a).
Lemma 2.2. Let F i be a T i -fragment of the graph G of finite connectivity number for i ¼ 0; 1; . . . [6] shows, which says that there are infinite ðn; 3Þ c -graphs for every n518: But every infinite ðn; 3Þ c -graph G delivers an infinite N G ðzÞ À ðn À 1; 2Þ-graph G À z for each z 2 G (by the way, so Proposition 2.6 implies Lemma 2.3). This does not change even for large k as the following examples show.
Example 2.7. Let G be a non-complete W À ðn; kÞ-critical graph and let S :¼ fS W : jSj ¼ kg: Suppose, we can assign to every S 2 S a T S 2 TðGÞ with T S S so that V ðGÞ À S S2S T S is not empty. Then, we can blow up an 
kÞ-critical, and we will show that it has the property of the last paragraph. For this, it is enough to prove that for every In regard to this example, it will be important to know if a W À ðn; kÞ-graph has finite fragments. For finite W ; this follows by standard arguments.
Lemma 2.8. Every non-complete W À ðn; kÞ-graph with finite W has finite fragments.
Proof. Let G be a non-complete W À ðn; kÞ-graph with finite W : Since G is non-complete and W is finite, there is a T -fragment F of G such that jF \ W j is minimal. By definition of W À ðn; kÞ-critical, there is a w 2 F \ W and an S 2 TðGÞ with w 2 S: Since there is no fragment F 0 of G contained in F À w by minimality of jF \ W j; we can have neither
C C=| and % F F \ C=| for an S-fragment C of G by Lemma 2.1(a). Hence, both in (i) and in (ii) at least one of the intersections in empty. But this implies that one of V ðF Þ; V ð % F F Þ is contained in S or one of V ðCÞ; V ð % C CÞ in T : Hence, at least one of
Lemma 2.8 is not true for infinite W as simple ðn; 1Þ-critical graphs show. But Proposition 2.6 and Lemma 2.8 imply that every non-complete k-CON-CRITICALLY n-CONNECTED GRAPHS W À ðn; 2Þ-graph has atoms. Now, we can prove an important tool for getting an upper bound for W ; corresponding to Lemma 2 in [4] . Lemma 2.9 (Mader [4, Lemma 2]). Let G be a W À ðn; 3Þ-critical graph and let F 0 be a T 0 -fragment of G: Assume that there are c 2 F 0 \ W and % c c 2 % F F 0 \ W so that F \ F 0 =| for every fragment F of G with N ðF Þ fc; % c cg:
The proof of Lemma 2.9 can be adapted from Lemma 2 in [4] with the only modification that we have to use Proposition 2.6 and Lemma 2.8 for the existence of an atom of G À fc; % c cg: ]
PROOF OF THE MAIN RESULT
The proof of Theorem 1.1 is given in a series of lemmata.
Lemma 3.1. DðGÞ4
for every ðn; 4Þ c -critical graph G with n54:
Proof. We many assume G 6ffi K nþ1 ; hence n58 by Proposition 2. 
we can find a path P of length 2 in Gð % F F [ T Þ with P \ U =| and P \ T =|; say, again V ðP Þ ¼ fu; t; vg with u 2 U and t 2 T :
For every x 2 F ; there is an x; T -fan F x of order n in G; hence in G À V ð % F F Þ: Let e x denote the edge of F x incident to t: Since jN ðtÞ \ F j4DðGÞ À 1 and jF j > ðn À 3ÞðDðGÞ À 1Þ; there are vertices x 1 ; . . . ; x nÀ2 in F with e x 1 ¼ e x 2 ¼ Á Á Á ¼ e x nÀ2 ; say, e x i ¼ ½t; t 0 : Since G is ðn; 4Þ c -critical, there is a T 0 2 TðGÞ with fu; t; v; t 0 g T 0 : Since fu; t; vg \ F ¼ |; there is a C 2 CðG À T 0 Þ with C \ fx 1 ; . . . ; x nÀ2 g=|; say, x 1 2 C: Since the x 1 ; T -fan F x 1 contains ½t; t 0 ; we have kðx 1 ; y; G À ft; t 0 gÞ5 n À 1 for every y 2 % F F ; since we can combine F x 1 with a y;T -fan of order n to get a system of n openly disjoint x 1 ; y-paths. So ft; t 0 g T 0 and kðx 1 ; y; for every F 2 FðGÞ: 
Suppose F is not proper. Then, % F F is proper and so j % F F j4 ðnÀ3Þn 3 by (a)
We turn now to the proof of Theorem 1.1. In the following, we will show that there is no non-complete ðn; 4Þ c -graph G of order exceeding 2ðn À 3ÞðDðGÞ À 1Þ þ n; which proves Theorem 1.1, using Lemma 3. Corollary 3.5(b) and maximality of F 0 ; we get 14jT \ F 0 j4jT 0 \ F j from assumption and Lemma 2.1(a). Since jT 0 \ F j5jF j and F 0 is of largest order in FðGÞ; we conclude F 0 \ % F F =|: 
: This contradiction proves ðzÞ: ]
We distinguish now two cases. 
Since for every s 2 S 0 there is an F 2 F 0 with s 2 N ðF Þ by ðeÞ; we get (iii) P
Since jF j4jF 0 j for F 2 F 0 by definition of F 0 ; (i) and (ii) imply X
d F À jF 0 j: (Remember, F 0 finite!) Using (iii) and (iv), this implies jS 0 j4n À jF 0 j; a contradiction to ðaÞ and jF 0 j52 by ðeÞ: So case 1 cannot occur.
Case 2: 
PROOFS OF THE REMAINING RESULTS
We follow now the lines of the proof of Theorem 1.1 to give an upper bound for jW j in W À ðn; 3Þ-critical graphs, i.e. to prove Theorem 1.2. Since the considerations are very similar to those in the last section, but easier, we will be rather short and point out only the differences. First, we prove an analogue to Corollary 3.4. 
W FðGÞ is contained in exactly one element of W F m ðGÞ: Proof. (a) was shown in the preceding paragraph. Since (a) implies For the proof of Theorem 1.2 we now assume on the contrary that there is a non-complete W À ðn; 3Þ-critical graph G with jW j > ð2n À 1Þn: Hence n53 holds.
We can choose F 0 2 W FðGÞ of maximal order by Lemma 4.2(a). Define
Proof. jS 0 j5jW j À jF 0 j À jT 0 j À nðn À 1Þ > ðn À 1Þn À ð One can use the same method to give a better bound for jW j in W À ðn; kÞ-critical graphs for k > 3; but only the factor at n 2 is diminished. Since I do not believe that n 2 is the right order, I resign the statement. Conjecture 4.3. There is a real number c such that jGj4cn 3=2 holds for every ðn; 3Þ-critical graph G:
In [4] it was shown by examples (by the graphs W m ðkÞ from Example 2.7 and another family of graphs) that this would be best possible.
Whereas we have bounded the order of an ðn; 4Þ c -graph only by cn 3 in Theorem 1.4, we can improve this to cn 2 for ðn; 5Þ c -graphs. Since the proof follows the same lines as the proofs for Theorems 1.1 and 1.2, we will sketch it only. First of all, we need a formulation of Lemma 2.9 for ðn; kÞ cgraphs. Suppose now for the proof of Theorem 1.5 that there is a non-complete ðn; 5Þ c -critical graph G with jGj > hold.
Proof of (4.6.2). We may assume j % F F j > The upper bound for ðn; 4Þ c -graphs in Theorem 1.4 is by a factor n larger than that for ðn; 3Þ-graphs in Theorem 1.3, but I do not believe that this reflects the facts. It is not at all obvious to find ðn; kÞ c -graphs for large k; which are not k-critical. For k ¼ 2; 3; we have constructed a lot of such graphs in [6] , but for k54 we have not pointed out one so far. We will close this gap in the next section.
EXAMPLES OF k-CON-CRITICAL, NOT k-CRITICAL GRAPHS
In this section, for every k54; we will give examples for k-con-critical graphs which are not k-critical. For this, we will study the graphs W m ðkÞ introduced in Example 2.7 more in detail.
In [4, p. 146] , it was shown that N ðzÞ 2 TðW m ðkÞÞ for every z 2 W m ðkÞ and all m52; k52; but we had not proved that every T 2 TðW m ðkÞÞ has this form. We will supply this now. First a notation. For j 2 N m ; let z j denote again the vertex ðz Since X À fx 2 g 6 N ðx 2 Þ and GðX Þ connected, but GðX Þ À fx 1 ; x 2 ; x 3 g independent, there must be an x 2 X À fx 1 ; x 2 ; x 3 g=| with N ðxÞ \ fx 1 ; x 3 g= |; say, ½x 1 ; x 4 W m ð3Þ is not 4-con-critical for each m52; as the connected set fð1; 1; 1Þ; ð1; 2; 2Þ; ð2; 1; 2Þ; ð2; 2; 1Þg shows, using Lemma 5.1. In the same way, the connected set fð1; 1Þ; ð1; 2Þ; ð2; 2Þg shows that W m ð2Þ is not 3-con-critical. Therefore, for the construction of 4-con-critical graphs which are not 4-critical, we must proceed in a different way. In the case of a given set of k þ 1 vertices in W m ðkÞ; we can improve Proposition 5.3. In [6, Proposition 3.14], it was proved that the diameter of an ðn; 7Þ c -critical graph is at most 4. This implies that an ðn; kÞ c -graph is at least ð1 þ b kÀ1 4 cÞ-critical for k57: But I believe that there must be a much better lower bound for the criticality of an ðn; kÞ c -critical graph.
Note added in proof. As noticed by an unknown referee, the following sharper form of Proposition 5.4 even holds: Let X be a set of k þ 1 vertices containing at least two adjacent ones in W m ðkÞ with m > k54: Then, there is a y 2 W m ðkÞ À X with N ðyÞ X : 
